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Abstract. In this paper, biorthogonal wavelets are constructed on non-uniform meshes.
Both primal and dual wavelets are explicitly given locally supported, continuous piecewise






The wavelets at the primal side span standard Lagrange nite element spaces.
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1. Introduction
This paper is concerned with the construction of locally supported biorthogonal wavelets
on non-uniform meshes. We consider meshes that are generated by uniform renements
starting from an arbitrary initial triangulation of some domain 
. In the wavelet literature
this is also referred to as a semi-regular setting ([DGSS99]).
The wavelets at the primal side will span standard Lagrange (C
0
) nite element spaces,












). The wavelet construction directly extends to Lipschitz' manifolds
consisting of patches, where each patch can be described by a parametrization with a
constant Jacobian determinant.
The wavelets satisfy all conditions to use them as ingredients in various wavelet-based
algorithms for solving operator equations. For an overview of such algorithms, see [Dah97]
and [Coh00]. Key aspects include optimal preconditioning, matrix compression, and adap-
tive schemes.
An alternative approach to construct wavelet bases on domains or manifolds that cannot
be tted with a uniform grid structure, is to write them as a disjoint union of parametric
images of a unit cube, map wavelets living on the cube to the subdomains using the
parametrizations, and nally stitch them together. Such constructions yielding wavelet
bases suitable for solving operator equations can be found in [DS99a, CTU99, DS99b].
This work can be viewed as a continuation of [DS99c]. A novel aspect is that in the
present paper also the dual wavelets are locally supported. As a consequence, the eld of
applications is extended to all `classical' wavelet applications as signal analysis and image
compression.
Another remarkable aspect is that the dual wavelets will be explicitly given, continuous
piecewise polynomials. This allows the application of simple standard quadrature formulae
for computing wavelet coecients. Wavelet constructions, also of higher regularity, where
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the dual functions are piecewise polynomials were discussed earlier in [DGH99, DGH00,
Goo00]. These constructions concern shift-invariant setting in one- or, in [DGH00], two
dimensions. In [DGH99, DGH00] extensions are discussed to uniform meshes on bounded
domains 
. Yet, there the property of polynomial reproduction is lost, which means that
the wavelets can only be shown to generate a Riesz basis for L
2
(
), and wavelets near the
boundary do not have cancellation properties.
Our construction distinguishes from other wavelet constructions on non-uniform meshes
(`second generation wavelets') in the sense that, as in the shift-invariant case (`rst gen-
eration wavelets'), the wavelets are proven to generate Riesz bases for a scale of Sobolev
spaces. In this respect, note that any compression algorithm based on deleting small
wavelet coecients can only be meaningful when there is some notion of stability.
This paper is organized as follows: In x2, we recall theory concerning stability of biorthog-
onal space decompositions, which originates from [Dah96]. To construct bases of the sub-
spaces that make up these space decompositions, that is, the wavelets, we follow the
construction known as that of the `stable completions' ([CDP96]), which is related to the
`lifting scheme' ([Swe97]). We give a new and short proof of stability of these bases, which
is not based on matrix arguments, and therefore is fully separated from issues related to
implementation.
In x3.1, we reduce the construction of biorthogonal bases on non-uniform meshes to a
construction on a reference element. We give general criteria for locally biorthogonal bases
so that they give rise continuous globally biorthogonal scaling functions and wavelets, all
with supports that are restricted to a uniform bounded number of mesh-cells. Necessarily,
these global functions depend on the (local) topology of the mesh. Yet, this dependence
will be given explicitly.
In x3.2-3.5, we give four concrete realizations of biorthogonal bases on non-uniform
meshes. With n denoting the space dimension and d  1,
~
d  1 being the degrees of poly-
nomial exactness at primal and dual side, these examples are characterized by (n; d;
~
d) =
(1; 2; 4), (1; 5; 4), (2; 2; 4) and (2; 5; 4). Although in two dimensions, the constructions are
rather complex, we show how the wavelet and inverse wavelets transform can be imple-
mented at relatively low costs.
2. General mechanism to construct stable wavelet bases
Let H be a separable Hilbert space with scalar product h ; i and norm k k. Let  be
some countable collection of functions in H.
We start by recalling some convenient compact notations that for example can be found












 is a natural notation. We always consider the spaces
of scalar vectors as being equipped with the `
2
-norm, and consequently, the spaces of
possibly innite matrices as being equipped with the corresponding operator norm. For
x 2 H, with h; xi and hx;i we will mean the column- and row-vectors with coecients
h; xi and hx; i,  2 . More generally, when
~
 is another countable collection in H,
with h;
~
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and  is called a Riesz basis when it is in addition a basis for H. Two collections  and
~
 are called biorthogonal, or
~




Part (a) of the following lemma will be used in the forthcoming Theorem 2.3 concerning
stability of biorthogonal space decompositions, whereas part (b) will be applied to construct
Riesz bases for the subspaces that make up these space decompositions.
Lemma 2.1. Let V and
~
V be closed subspaces of H.
(a). The following statements are equivalent:
(i). There exist Riesz bases  and
~
 for V and
~
V such that h;
~























(iv). To any Riesz basis for
~
V there corresponds a unique dual collection in V . Moreover,
this collection is a Riesz basis for V .
(b). Let any of the equivalent conditions (i)-(iv) from (a) be satised. Let X;W be sub-
spaces of H be such that X = W + V and












is bounded invertible, see Figure 1.
Proof. (a). (i)! (ii): This follows easily by expressing v and ~v in terms of the Riesz bases
from (i).
(ii) ! (iii): For this part we refer to [DS99c, Theorem 2.1(a)].
(iii)! (iv): Let
~






be the dual space of
~
V equipped with



























































V , and let Q
































are biorthogonal systems. Since
~




















































































Figure 1. Illustration for Lemma 2.1(b). H and X are represented by IR
3
and the plane x = 0 respectively.
~
V is contained in the plane z = 0.
For ~v 2
~





V is closed, this property of Q and








) 6= V , then there
would be a 0 6= v 2 V , such that













. The rst property together
with (2.5) shows that Q















V ! V is a homeomorphism.
There remains to show that there is only one collection in V that is dual to
~
. Suppose
this is wrong. Then there would be a 0 6= v 2 V such that hv;
~
i = 0, and thus hv; ~vi = 0
for all ~v 2
~






V ! V is a homeomorphism, there exists a 0 6= ~y 2
~
V with




, we get h~y; ~vi = 0 for all ~v 2
~
V , contradicting ~y 6= 0.
(iv) ! (i): Any separable Hilbert space has an orthonormal basis. Starting with such a
basis for
~
V and applying (iv) shows (i), where h;
~
i is even the identity matrix.
(b). Write x 2 X as x = w + v where w 2 W , v 2 V . Formula (2.4) shows that this


























Remarks 2.2. (a). Since (i) is symmetric in V and
~
V , so are (ii)-(iv), i.e., the roles of V
and
~
V may everywhere be interchanged. As was already mentioned in the proof, the
projector from (iii) obtained in that way is nothing else than Q

. Pairs of spaces V ,
~
V that satisfy any, and thus all of (i)-(iv) will be said to satisfy the maximum angle
condition.
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(b). Estimate (2.4) is known as the strengthened Cauchy-Schwarz inequality. Pairs of
spaces W , V that satisfy (2.4) will be said to satisfy the minimum angle condition.
(c). If ,
~
 are Riesz bases for V and
~
V such that h;
~
i is bounded invertible, then the
















(d). Below we will apply Lemma 2.1 to an innite sequence of pairs of closed subspaces
V ,
~
V of some Hilbert space H, together with corresponding sequences of spaces X
and W . We will be interested in results that hold uniformly over these sequences.
The proof of the lemma shows that if we replace in (i), (iii) and (b) `bounded' by
`uniformly bounded', and the conditions for being a Riesz system or satisfying (2.3)
or (2.4) by corresponding conditions that hold uniformly over the sequences, then the
resulting lemma remains valid. In this respect, we will speak about uniform Riesz
systems, uniform Riesz bases and uniform maximum or minimum angle conditions.
In the following, let H
s
for s 2 IR or jsj  t, denote a scale of Sobolev spaces, possibly
incorporating essential boundary conditions, on an n-dimensional domain or suciently




, and when s < 0 the spaceH
s
is understood
to be the dual of H
 s
. From now on, the role of the general Hilbert space H will be played
by L
2
, and so ( )

will mean an adjoint with respect to the L
2
-scalar product, and ? denotes
orthogonality with respect to this scalar product.


















    be sequences of nested closed subspaces of L
2
, and let  > 1 be some constant,









satises the uniform maximum L
2
-angle condition. Let (Q
j
) be the

















from Lemma 2.1(a) (iii).




















; 0  s  d)(J)



















; 0  s < ) (inverse or Bernstein estimate);(B)




B) with constants 0 < ~ <
~































































; s 2 ( ~; d)):(2.7)












)v), which are bounded
in the sense of (2.6) and (2.7), are each others inverse.
Analogous results are valid with (Q
j
) replaced by (Q

j
) and with interchanged roles of
(; d) and (~;
~
d).
Remark 2.4. An earlier theorem demonstrating stability of biorthogonal space decomposi-
tions in an even more general context can be found in [Dah96]. See also [Dah97, Coh00]
and the references cited there, for example for generalizations to Besov norms. A proof of
the theorem in its present form can be found in [DS99c, Theorem 2.1].
The essential point of the present formulation is that explicit knowledge of some biorthog-






is not assumed. In [DS99c] the conditions of Theorem 2.3 were






) being sequences of standard nite element spaces.
In the remainder of this section, we will assume that we are in the situation as indicated

































































is a Riesz basis for H
s
. The elements of the 	
j
are called wavelets.






is a Riesz basis for L
2
, an application























































is a Riesz basis for H
s




are called dual wavelets.
For s 2 ( ~; ) and v 2 H
s








) satises a Jackson estimate is closely
related to the fact that integration of a resulting biorthogonal wavelet against a smooth
function produces something small. Indeed, for simplicity restricting ourselves to the do-
main case (for the manifold case, see e.g. [DS99c, Prop. 4.7]), the Jackson estimate (
~
J)




contains all piecewise polynomials up to degree
~
d   1 satisfying some global smoothness conditions with respect to a quasi-uniform mesh
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with mesh-size  
 j












shows that for smooth










, where p is a Taylor polynomial of v of order
~
d  1
around some point in supp 
j






























which property of the wavelets is referred to as the cancellation property of order
~
d.
Obviously, assuming that the dual wavelets are also uniformly local, they will satisfy the
cancellation property of order d.
The cancellation property of the wavelets (or dual wavelets) is essential for nding sparse
approximate wavelet representations of operators (or functions).






. Below we discuss
















































satises the uniform minimum L
2
-angle condition.(2.11)










































invertible, with a uniformly L
2











-Riesz bases to uniform L
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For computing these collections of wavelets 	
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 6= ;, we conclude that the 	
j





















, since, as we will discuss later on, it may lead to dual wavelets which are also








, the wavelet construction (2.12)/(2.13) is known as the construction
via `stable completions' ([CDP96]), which is related to the so-called `lifting scheme'





new in the sense that is not based on matrix arguments, which means that it is fully











is a basis for V
j
, and so the conditions for getting uniformly
local wavelets we derived in above Part (b), now read as assuming that we have
uniformly local, biorthogonal L
2







In practice, this condition is much more restrictive than (2.10), which lead us in






, which suces for all applications for
which uniformly local dual wavelets are not needed. Examples of such applications are
wavelet-based algorithms for solving operator equations (see [Dah97]). On the other
hand, for `classical' wavelet applications like signal analysis and image compression,
having uniformly local dual wavelets is essential.
In many applications, one needs to switch from a representation of a function v 2 V
J







, to a representation with respect to













































is invertible. Writing v 2 V
J




























































= I. So, assuming a geometrical increase of dimV
J
as function of J , we see that
T
J
can be performed in O(dimV
J












































































We conclude that the M
j





























mapping the `single-scale coecients' to the `multi-scale coecients', then it is necessary
that also the M
 1
j
are uniformly sparse. Only under special circumstances, the inverse of
a sparse matrix is again sparse, and with the construction (2.13), M
 1
j
will generally be a
densely populated matrix.
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is a basis for V
j













































and we conclude that the M
 1
j




















are called wavelet transform and inverse wavelet
transform respectively.
A closely related advantage of having M
 1
j
that are uniformly sparse is that uniformly















































































3. Biorthogonal scaling functions on non-uniform meshes















, that are nested as function of j, and that satisfy
Bernstein estimates with  = ~ =
3
2

















-angle condition, and thus that all the conditions of Theorem 2.3 are







we are able to construct wavelets and dual wavelets that both exhibit all possibly desired
properties concerning locality and optimal transforms discussed in the previous section.
That is, in contrast to our earlier joint paper with W. Dahmen ([DS99c]), here we obtain
also uniformly local dual wavelets, at the cost of getting wavelets with larger supports.






The primal spaces V
j
will be standard Lagrange nite element spaces with respect to













, will be dened explicitly.




are only given as solution of some renement equation
(cf. [CDF92]). Exceptions are given by [DGH99, DGH00, Goo00] dealing with uniform




explicitly is that there is much more freedom in
making ecient and accurate numerical approximations of expansions like (2.8).
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3.1. Reduction to a reference element. We will explain the general mechanism to






to a construction on a reference (macro-)element.
Let 
0








assume that the triangulation is conforming, i.e., the intersection of any two elements is
either empty or a common face. Here with a face of T , we mean any k-simplex spanned
by k + 1 vertices of T , where 0  k < n.
For j > 0, let 
j
be the collection of n-simplices generated from 
j 1
by uniform, regular,
dyadic renement, i.e., each T 2 
j 1
is subdivided into 2
n
congruent n-simplices. In this








will denote the barycentric coordinates of x 2 IR
n
with respect to the vertices of T ordered in some way. There holds x 2 T if and only if

T
(x) 2 T , where











Let I  T be some nite set that is closed under permutations of the coordinates. We
will consider collections of functions  = f
















vanishes on faces that do not include ;(V)




:  2 I \ eg is independent.(I)
These `local' functions from such collections can be assembled to collections of `global'




= fx 2 
 : 
T
(x) 2 I for some T 2 
j
g;




: x 2 I

j
































. The condition (S) ensures that 
j;x
is well-dened also on faces that include x and are shared by elements, and by (V) and
(C) it is continuous on 
. Clearly, the 
j
are sets of independent functions, and they are
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Indeed, it is not dicult to verify that both sides (3.3) agree on supp
(1)
j;x
. Note that by






in front of 
(2)
j;y
is uniquely dened, also when x and y are
included on a face shared by elements in 
j





















are uniformly sparse, and how they can be constructed from




















, we conclude that the basis transformations in both directions are uniformly
sparse.




(j 2 IN) can be
reduced to a special case of the foregoing analysis. Indeed, let fT
i
: 1  i  2
n
g be the
























:  2 I
(r)












()) if ;  2 T
i
;





















Such a collection  will be called renable, and 
(r)
the renement of . Formulas (3.2)





from the representation of the local inclusion.
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From (3.5), and the fact that  is an independent set and thus an L
2












































































































































where, when fT 2 
j














in the sum on the




















using some information about the geometry of 
j
.
In view of our aim to make biorthogonal scaling functions, we will construct examples
of pairs of collections of functions on T , which we will denote by  and
~
.
At the primal side, the collection  will always be selected such that it satises (C), (S)




being dened as the space of continuous piecewise polynomials on T of degree d   1 with




= f 2 T : 
i
=q 2 INg;












which, as will turn out, guarantees that  satises (I) and (R) as well.
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:  2 I
(d 1)2
m














\ e) = dim(P
d 1;m
(e)) shows (I).
















(T ), and thus that (R) is valid.
For the resulting sequence of collections (
j
) of functions on 
 dened by (3.1) corre-









, being the space of continuous piecewise





)-norm. In view of this,
the elements of 
j
will also be called macro-elements in case m > 0. The sequence (V
j
)
satises the Bernstein estimate (B) with  =
3
2
and the Jackson estimate (J) for this value
of d, where , being the renement factor, is equal to 2.

















1  = ;











Remark 3.2. We included the possibility of m > 0 to introduce some freedom in the choice






At the dual side, we will select
~
 satisfying (C), (S), (V), (I) and (R). Aiming at













), independent of 
0












I \ e) = card(I
(d 1)2
m
\ e) for any face e of T ,

















































) satises the Jackson estimate (
~
J) for this value of
~
d.
In view of the cancellation property, we are aiming at making
~
d as large as possible. A
dimension argument shows that
~
d  1  (d  1)2
m
, where in practice the upper-bound can
not be attained because of the other requirements.
In some cases (x3.2, 3.3), we will be able to construct biorthogonal ,
~
. From (3.6), we










In the other cases (x3.4, 3.5), with respect to some partitioning of the index set I into
I
(1)
; : : : ; I
(q)
, where each I
(i)






will be a block lower triangular matrix, with diagonal blocks equal to identity matrices.























is also a block lower triangular matrix, with diagonal blocks equal to identity matrices.











and their inverses are uniformly sparse and uniformly


















are biorthogonal, uniformly local, uniform L
2
(
)-Riesz systems. We will refer to this step
as the a posteriori biorthogonalization.
Remark 3.3. The reason why we apply the a posteriori biorthogonalization, instead of
biorthogonalizing ,
~
 before constructing the global scaling functions, is that in the
cases in question such a `local' biorthogonalization would violate (V).






), as well as those for equip-
ping these sequences with biorthogonal bases, in terms of conditions on  and
~
. What is































satises the uniform minimum L
2
-angle condition































it is well-known that
P
d 1;m+1
































is nothing else than the `hierarchical surplus', that is, the collec-
tion of all `global' nodal basis functions corresponding to the `new nodes'.
With the canonical application of I
(d 1)2
m+1





lection satises (C), (S) and (V) and, since it spans P
d 1;m+1





has the same properties, which means that the basis transformations in









uniformly sparse, and that they can be easily constructed from the local basis transforma-
tions.

























. Taking into account the possibility that an a posteriori biorthogonalization is






































































































































































, where its application takes as


















6= I, we applied a correction at the dual side,















. The motivation not
































































































parison with Remark 3.4 learns that for computing the inverse wavelet transform this




























extend to several macro-elements, one cannot expect to obtain
a cheaper implementation by a `direct' computation of above basis transformation, that is,
not using the factorization (3.8).
Remark 3.6. Reversing the last argument from Remark 3.5 leads to the insight that, re-
gardless whether ,
~
 are biorthogonal or not, for m > 0 particular ecient imple-
mentations of wavelet and inverse wavelet transforms can be expected, when as scaling




which are dened by (3.1) corresponding to 
(d 1;m)




are restricted to elements (i.e. T 2 
j+m





is just a subset of 
(d 1;m)
j+1











can be implemented very eciently. Let G
j
















are uniformly bounded and uniformly sparse, and




























































































or vice versa, then
the approach of applying the nodal basis functions as scaling functions is more ecient.
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So far we considered the construction of bases for the `full' spaces. Homogeneous Dirich-
let conditions on the boundary, or on a part of the boundary consisting of the union of
(n  1)-dimensional faces of T 2 
0





















for which x is on (that part of) the bound-





























are still nested. The space V
j
is the standard
Lagrange nite element space in which the boundary conditions are incorporated. Basis






and vice versa are obtained
by simply deleting those rows and columns with indices corresponding basis functions that
have been removed. By replacing the scale of Sobolev spaces by the scale of subspaces
that incorporate the essential boundary conditions, the Jackson and Bernstein estimates
remain valid, and so the wavelets generate Riesz bases for the same range in the scale. On






with supports that intersect interiors
of T 2 
j
will not have cancellation properties.
Finally, as demonstrated in [DS99c], a construction like this carries directly over to -
nite element type spaces on certain Lipschitz manifolds. More precisely, those manifolds
are covered that consist of patches, each of them the parametric image of a domain with
triangulations generated by uniform renements, such that the images of the triangula-
tions match at the interfaces, and on each domain the Jacobian determinant is piecewise
constant with respect to the initial triangulation.
In the next subsections, for a number of examples of (n; d;m;
~
d), we construct sets 
and
~
. Using these two ingredients, the general theory presented in this subsection shows
how the global scaling and dual scaling functions, and wavelets and dual wavelets can
be constructed, and furthermore how the wavelet and inverse wavelet transforms can be
computed.
3.2. The case (n; d;m;
~
d) = (1; 2; 2; 4). In order to easily formulate conditions (S) and
(V), in x3.1 we used as an index set for  and
~




coordinates. Yet, to view  and
~










we can switch between both index sets at our convenience.






















1 4 3 5 2
Figure 2. Numbering of I
4
.








Using a numbering of the elements of 
(3;0)

































































































satises (C), (S), (V) and (I), and that
P
3;0













are not used to ensure (R).
As a consequence, we will be able to construct the dual scaling functions explicitly.
On the other hand, allowing for implicitly dened dual scaling functions would introduce
additional freedom in the construction, which might mean that smaller macro-elements
can be used, resulting in wavelets with smaller support. However, in that case also
~
d
will be smaller, giving weaker cancellation properties. We will discuss this approach in a
forthcoming paper.

















































, in the following we apply some (invertible) basis transforma-






, which preserve (S) and (V). Obviously, a basis
transformation always preserves (C). Moreover, a basis transformation is represented by
an invertible matrix. The fact that (V) is preserved means that any principal sub-matrix
of this matrix corresponding to all indices associated to some face is necessarily invertible,
































the spans and preserve (S), (V) and (I), we conclude that also (R) is preserved. We will
end up with biorthogonal sets  and
~
.













































































































the span of the resulting
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= I. Since by the previous steps,
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formly local, uniform L
2
(
)-Riesz systems. The collection 
j
is a basis for the space of con-
tinuous piecewise linears with respect to 
j+2























3.3. The case (n; d;m;
~
d) = (1; 5; 0; 4). As in x3.2, (d   1)2
m
= 4, and we use the same






























































, we follow the
















































































































































































































































by permuting barycentric coordinates.










systems. The collection 
j
is a basis for the space of continuous piecewise quartics with
respect to 
j
. Note that, in contrast to x3.2, for each x 2 I

j
, the basis function 
j;x
has
the same support as the nodal basis function corresponding to that point.
3.4. The case (n; d;m;
~







 as in Figure 7, and switch between these numbers and the corresponding barycentric




. It satises (C), (S), (V), (I) and











using a numbering of I
3
, and with that of the elements of

(3;0)





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 7. Numbering of I
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g. From (3.10), we have
P
3;0





















, in the following we describe invertible basis






that preserve (S) and (V). The same reasoning as
in x3.2 shows that then (C), (I) and (R) are preserved as well. As a consequence of (S),








for i running over any element of the sets 1::3, 4::6,
7::12, 13::15 (corresponding to fg, f/g, fg, f?g from Figure 7), since the other functions
then follow by permuting the barycentric coordinates.
We will not be able to end up with biorthogonal ,
~
. Instead, we derive ,
~
, such












I 0 0 0
 I 0 0
  I 0






With respect to a corresponding partitioning of I
j










































 are obtained by performing the steps (I)-(VI):



































































g by (3.10), and forthcoming transformations at the dual side have to




























) are searched in spanf
(0)
4;7;8;13::15
g, and, in view of






















































obtaining the identity matrix in this row, 
7














g, then these conditions on 
7





























































































































































Together, (3.16) and (3.17), and the fact that f
4;7;8
g should be an independent set
determine spanf
4;7;8
g uniquely. We x 
7






















































can not be restored by any transformation at the dual side that preserves (V), we conclude
that we cannot end up with biorthogonal  and
~
.










































































At this point, we have xed . Further denitions and transformations take place at







































given in Figure 9.























































to this set of generators. However, one may






























































































































































































































































































































































































































































































































































































































































the conditions (3.18), (3.19) (two conditions) and (3.20).















































































































































































, we see that









giving the zeros in the last column of (3.14).







(T ) satisfying (3.22) and (3.23). There-





g, which is a collection









should vanish on @T , it is
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. We will denote these functions by 
1::3




















































































































































































































































































































































































































































































































































































































































































with a scalar  6= 0, and with  = f
1::4




























































































































was already announced in step (II).
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g does not depend on the choice of  6= 0 and c 6= 0






























































I 0 0 0
A I 0 0
B C I 0





























with j corresponding to points on edges that do not include point
i. Yet, as will be shown in step (VI), by performing some `partial' transformations at the
dual side, which do preserve (C), (S), (V), (I) and (R), it is possible to introduce a number










I 0 0  D

0 I 0  E

0 0 I  F
























I 0 0 0
A I 0 0
B C I 0





















, which functions vanish on @T .
Let
^




























0 I 0 0
0 0 I 0
























I 0 0 0
A 
^
A I 0 0
G C I 0








































respectively by replacing those entries by zeros which

















0 0 I 0





















I 0 0 0
A  
^







































on the positions (i; j) = (5; 1), (9; 1),
(9; 4) and (10; 4), as well as those that correspond to permuting barycentric coordinates.
All these entries correspond to pairs of points that are included on dierent edges.

















6= I has clearly an














and thus on that of the wavelets and dual wavelets. Yet, by computing the wavelet and







I only aects the computation of these transforms in the sense that on each level j + 1,












has to be performed. Assuming a






has only a few
non-zero o-diagonal entries shows that the total number of operations needed for these
computations is less than half the number of degrees of freedom on the highest level.
Together, steps (I)-(VI) fully describe the procedure to nd  and
~
. A sucient











































































































































































































































































































are the functions that correspond to `interior points' (cf. Figure 10) from the
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with, as always, equal values for those entries that correspond to permuting barycentric
coordinates.



















)-Riesz systems. The primal collection is a basis for the space of continuous piecewise
linears with respect to 
j+2











3.5. The case (n; d;m;
~
d) = (2; 5; 0; 4). As in x3.4, (d 1)2
m
= 4, and to construct  and
~
, we follow exactly the same procedure from that section described in steps (I)-(VI),










































































































































































































































































































are the functions that correspond to `interior points' (cf. Figure 10) from the





g dened by (3.4). Finally, the collection
~





















































































































































As in x3.4, ,
~





























































with, as always, equal values for those entries that correspond to permuting barycentric
coordinates.



















)-Riesz systems. The primal collection is a basis for the space of continuous piecewise
quartics with respect to 
j
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